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or Superconductor
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Abstract —The incremental inductance rule for conductor loss calcula-
tions is not valid if conductor thickness decreases and becomes comparable
to the penetration depth, such as in monolithic microwave integrated
circuits. In this paper, a simple approach, referred to as the phenomenolog-
ical loss equivalence method, is proposed for characterizing a planar
quasi-TEM transmission line with a thin normal conductor or supercon-
ductor over a wide range of field penetrations. For microstrip lines with a
thin copper or high-7, superconductor, the conductor losses calculated by
this method agree very well with the published data calculated by the finite
element method and the Monte Carlo method, respectively. Because of the
simplicity of the calculation, this method should be very useful for the
computer-aided design of monolithic microwave circuits.

I. INTRODUCTION

IGH SPEED and high degrees of integration in

modern integrated circuits, especially in monolithic
microwave integrated circuits, require very narrow and
thin metal interconnection lines. High-speed electro-optic
devices, such as traveling-wave optical modulators [1], use
very narrow, thin electrodes for a very wide bandwidth. In
a thin normal conductor line, the field penetration depth,
which decreases with frequency due to the skin effect, can
be comparable to the line thickness even at high frequen-
cies, where the conductor loss becomes important. There-
fore, the field penetration effect should be taken into
account in the wide-band characterization of the lines. On
the other hand, superconductors have very high conductiv-
ities and can be used to reduce the conductor losses of
lines having a small cross section [2]. However, if the
thickness or the width of the superconducting line is small
enough to allow the field to penetrate deep into the line,
the conductor loss will be increased and the merit of the
nearly nondispersive transmission characteristic will be
lost.

Therefore, for both the small normal-state and the su-
perconducting line, the conductor loss must be character-
ized for a wide range of field penetrations by taking the
field penetration effect into consideration. However, dc
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calculation at complete penetration and the incremental
inductance method at shallow penetration [3] cannot be
used directly over a wide range of field penetrations, The
dc calculation assumes a uniform current distribution in-
side the conductor at the complete field penetration. On
the other hand, the incremental inductance method is valid
only if the conductor thickness is several times the penetra-
tion depth. Therefore, in order to consider the penetration
effect, several loss analyses have been carried out for
microstriplike structures. A variational formulation of the
penetration-effect problem [4] was used to calculate the
conductor loss of a single thin strip which has a rectangu-
lar cross section without a substrate and a ground plane.
The finite element method was also applied to microstrip-
like transmission line structures to calculate the resistance
and reactance [5], [6]. However, these methods are not
appropriate for computer-aided design implementation,
since they require extensive formulations and numerical
computations. A simple modification of the penetration-
effect resistance [7] is valid only for a strip that is very thin
and wide.

In this paper, we present a simple and practical method
for the conductor loss calculation for a wide range of field
penetrations which can be applied to normal-state and
superconducting transmission lines. This phenomenologi-
cal loss equivalence method (PEM) is based on the obser-
vation of the change in current distribution as the quasi-
static field of a quasi-TEM transmission line penetrates
into the conductor. In this method, a planar quasi-TEM
transmission line, having a finite conductor thickness on
the order of the penetration depth, is approximated by an
equivalent single strip which has the same conductor loss
as the transmission line. The geometry of the equivalent
strip is obtained only from the cross-sectional geometry of
the original line, while the conducting material is the same
as that of the original line. Since the geometry of the
equivalent strip obtained is independent of material prop-
erties, it can be used for any normal-state or superconduct-
ing line by substituting the conducting material. Therefore,
the distributed internal impedance of the transmission line
can be approximately calculated from the equivalent single
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Fig. 1.

strip and all the propagation characteristics can be ob-
tained by incorporating the internal impedance into the
circuit model of the transmission line.

II. PHENOMENOLOGICAL LOSS
EQUIVALENCE METHOD

A normal-state conductor has a skin depth (8) which is
inversely proportional to the square root of the frequency.
Then, the field penetrates deeper at lower frequencies and
the current flowing inside the conductor becomes more
uniform. On the other hand; a superconductor has an
almost constant penetration depth (A) at a given tempera-
ture below the critical temperature (7,) and the field
penetration remains almost unchanged with the frequency.
Based on the two-fluid model [8], a superconductor can be
described as a conductor which has the complex conductiv-
ity (6 =0, + jo,, where g, and o, are the normal conduc-
tivity and superconductivity, respectively) depending on
the temperature and the frequency. Therefore, by assuming
a generalized complex conductivity (o = g, + jo;), we can
treat both normal conductors and superconductors with an
identical formulation.

For a given planar quasi-TEM transmission line such as
the microstrip line shown in Fig. 1(a), if the penetration
depth is very shallow compared to the conductor thickness,
the surface current distribution will be the same as that of
the ideal microstrip, and we can then apply the incremen-
tal inductance rule to the structure. On the other hand, if
the current completely penetrates into the conductor, the
current distribution will be uniform inside the conductor.
Now, if the penetration is moderate, the current distribu-
tion becomes nonuniform on the surface and decays al-
most exponentially from the surface into the conductor.
The field penetrations result in the distributed resistance
(R) and internal inductance (L;) which will be added in
series to the external inductance (L) of the ideal line. The
distributed internal impedance (Z; = R + jwL,) causes the
conductor loss and the dispersion of the transmission line,
which- degrade the transmission characteristics. ‘

For the nonuniform current distribution of the transmis-
sion line due to the penetration, we introduce the equiva-
lent single strip shown in Fig. 1(b), which is assumed to
have the same internal impedance as the original line. The
surface current on the equivalent strip is assumed to be
uniform horizontally, but not vertically. The equivalent
strip has the same conducting material as the original line
while the width and thickness of the equivalent strip will
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(a) Copper microstrip line at 77 K and (b) the equivalent strip.

be obtained independently of the conducting material used.
In order to obtain the equivalent strip, we consider the two
completely different cases of shallow penetration and com-
plete penetration.

First, the equivalent width (W,) can be calculated at a
very shallow penetration, by equating the distributed inter-
nal impedance of the original line to that of the equivalent
strip. It is well known that the internal impedance of a
transmission ling can be calculated using the incremental
inductance rule (3] if the penetration depth (8, A) into the
conductor is very shallow compared to the conductor
thickness (2), or 8, A/t «1. Specifically, it can be ex-
pressed in the simple form

Z,=ZG (%/m) (1)
where Z ( =/ jwp /o) is the surface impedance (2 /square)
of the conductor used and G is a geometric factor with
dimension m~!. For instance, the Z, is (1+ j)/08 or
~1/0M for a normal conductor or a superconductor,
respectively. From the incremental inductance rule, the G
can be expressed in terms of the incremental inductance
associated with the penetration of magnetlc flux into the
conductor That is,

2)

where dL/dn is the derivative of the external 1nductance
L with respect to the incremental recession of the conduc-
tor wall j. Here, the mean depth of the current penetra-
tion, used in the incremental inductance rule, is half of the
skin depth for a normal conductor and the penetration
depth for a superconductor. As an example, G = (2 /strip
width) for a very wise microstrip line [6]. The factor G
depends only on the cross-sectional geometry of the trans-
mission line, that is, the quasi-static surface current distri-.
bution for the case of an ideal line. - ‘

Under this condition of shallow field penetration, we
also apply the incremental inductance rule to the equiva-
lent strip. Since the current distribution is assumed to be
uniform on the equivalent strip, the distributed internal
impedance is just the surface impedance divided by the
equivalent strip width. Then,

Z=2Z,/w. (%/m) (3)
where W, is the equivalent width and Z_ is the surface
impedance of the conductor used in the original line.
Therefore, by equating (1) and (3), we can obtain the
equivalent width at the shallow penetration as 7

W.=1/G  (m). (4)
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The W, obtained from the incremental inductance rule is
dependent only on the structure and does not depend on
the conducting material used.

Now, if the field penetrates deep into the conductor, the
distributed internal impedance will also depend on the
strip thickness. However, if the current distribution on the
surface of the transmission line can be assumed to be
almost unchanged, e.g., in the case of quasi-TEM transmis-
sion line, we can still use the equivalent width (W) calcu-
lated above and include the field penetration effect in the
conductor thickness (¢,) of the equivalent strip. The equiv-
alent thickness (z,) will be obtained by equating both
internal impedances in the case of uniform current distri-
bution at complete penetration. For a uniform distribution
of current, the distributed internal impedance of the origi-
nal line can be simply expressed as

Z,=1/(o4) (5)

where A is the effective cross section of the original
structure at the uniform current distribution. For instance,
A is just the cross section (Wt) of the microstrip conductor
because of the infinite ground plane. At the same complete
penetration, the equivalent strip has an internal impedance
as follows:

Z,=1/(aW,,). (6)

Then, using (5) and (6), we can find the equivalent thick-
ness (¢,) as

t,=A/W,= AG.

(™)
Here W, and ¢, depend only on the cross-sectional geome-
try of the original transmission line, since G and A4 can be
calculated from the cross-sectional geometry. Therefore, an
equivalent strip obtained from a given geometry of the
transmission line can be used approximately for any con-
ducting material and penetration depth.

Now, using the equivalent strip obtained from the
cross-sectional geometry and the conductivity of a given
transmission line, we can calculate the overall distributed
internal impedance at any field penetration. For the equiv-
alent strip with a laterally uniform current distribution, the
overall distributed internal impedance can be calculated
using the equivalent strip width (W,) and the surface
impedance (Z!) of a flat plane conductor with finite
thickness [9]. In the surface impedance calculation, the
longitudinal current distribution in the vertical direction of
the strip is subject to the boundary conditions at the two
strip surfaces. From these conditions, the longitudinal
current () integrated through the strip thickness can be
obtained in terms of the longitudinal electric field (E,) on
the strip surface. Therefore, the surface impedance (Z!)
can be expressed with a correction factor for finite strip
thickness as follows:

Z!=E,/I=2Zcoth[rt,]  (Q/square) (8)

where 7(=[jwpo]'/?) is a complex decaying constant
associated with the vertical variation of the field inside the
strip. For a strip using a normal conductor, the conductiv-
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ity (o) is pure real; the surface impedance (Z!) can then
be written in terms of the surface resistivity (R, =1/068)
and the skin depth (§) as follows:

Z!=(1+ j)R,coth[(1+ j)¢,/8] (2 /square). (9)

The surface impedance in (8) incorporates the field pene-
tration effect using the correction factor (coth[rt,]). Since
the laterally uniform current of the equivalent strip ex-
tends over the finite width W,(=1/G), the distributed
internal impedance (Z,) of the equivalent strip becomes
Z! /W,( = Z!G) by replacing the surface impedance in (3)
with (8).

Finally, for a planar quasi-TEM transmission line with
finite conductor thickness, the distributed internal
impedance at any field penetration can be approximately
calculated through the equivalent strip as

Z,=R+ joL,=Z!/W,=ZGcoth[rGA]  (Q/m).

(10)

This can be rewritten for a planar quasi-TEM transmission
line using a normal conductor as follows:

Z =1+ j)RGcoth[(1+ j)GA4 /8] (2/m). (11)

The propagation characteristics (i.e., attenuation, effec-
tive index, and characteristic impedance) of the original
transmission line can be readily calculated from a circuit
model of the transmission line. In the model, the dis-
tributed resistance (R) and the internal inductance (L,)
calculated from (10) will be added in series to the external
inductance (L) of the transmission line, while the shunt
capacitance (C) remains almost constant for the field
penetration. Then, we can use general tormulas for the
circuit model to calculate the propagation characteristics,
where the conductance for dielectric loss can also be
incorporated through the calculation of effective loss tan-
gent [7], [10].

The usefulness of this method comes from the very
simple calculations of G and A4 used in (10). Here, G and
4 of a transmission line can be calculated using the empiri-
cal formulas and from the actual cross section of the line,
respectively. Also, Z, and 7 can be easily obtained from
the conductivity of the conducting material used. There-
fore, all the calculations consist only of simple evaluations
of several formulas. This method can also be applied to
any quasi-TEM transmission line, i.e., microstrip, coplanar
waveguide, coplanar strip, and so forth.

III. CALCULATED RESULTS FOR MICROSTRIP LINES

In order to verify the proposed phenomenological loss
equivalence method, we applied the method to microstrip
lines using copper conductor and high-7, superconductor
and compared the calculated data with published data.

A. Calculated Results for a Copper Microstrip

For the copper microstrip line shown in Fig. 1, many
transmission characteristics were calculated using the PEM
over a wide frequency range and for a wide range of
geometrical dimensions. In Fig. 2, the results are compared
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Fig. 2. (a) The distributed resistance, (b) the attenuation, (c) the phase velocity, and (d) the real and (e) imaginary parts of
the characteristic impedance of the copper microstrip line shown in Fig. 1 for different strip widths at 77 K. PEM-1 arid
PEM-2 show the PEM data calculated based on the empirical formulas and on the geometric factors and effective indices

obtainied from the FEM data at high frequency, respectively.

with the published data calculated by the finite clement
method (FEM) [6]. One set of PEM data (PEM-1 in Fig. 2)
are calculated by directly applying the method to the
microstrip on the basis of the available empirical formulas
for the microstrip [11]. Note that the microstrip used in the
FEM analysis [6] has the strip conductor embedded in the

infinitely thick dielectric poliymide, while m this PEM
calculation we consider a real situation wherein the strip
conductor lies just on top of the finite dielectric. Therefore,
the phase velocities of the FEM data at high frequency
approach the velocity of light in the dielectric medinm and
are higher than those calculated frorn the empirical formu-
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las. In addition, since the empirical formulas used in the
PEM calculation are not accurate at this high ratio of
thickness to width of the microstrip conductor, the geo-
metric factors (G) calculated using the incremental induc-
tance rule are inaccurate. Therefore, more accurate G’s are
calculated from the FEM data at the highest frequency (10
GHz) because the field penetration at the frequency will be
very shallow and the distributed internal impedance (Z;)
can be expressed simply as ZG.

In order to compare the PEM data with the FEM data
in the same situation and verify the PEM itself, another set
of PEM data (PEM-2 in Fig. 2) were generated, based on
the more accurate geometric factors and the efféective in-
dices mentioned above. As shown in Fig. 2, all the PEM
data of the second set are in excellent agreement with the
FEM data for wide ranges of frequency and geometrical
dimension. This indicates the validity of the PEM for the
conductor loss calculation for a wide range of field pene-

_trations. There are two deflection points for each attenua-
tion curve shown in Fig. 2(b). The deflection at the upper
frequency is associated with the saturation of the field
penetration due to the finite strip thickness. Another de-
flection ‘comes out at the lower frequency where the total
reactance (jw[L + L;]) and the resistance (R) become
about the same. A wide and flat attenuation region exists
between the two frequencies and can be shifted to the
lower frequency by increasing the conductivity or the cross
section of the.line. These deflection points will exist in all
planar quasi-TEM transmission lines with normal conduc-
tors.

The distributed resistance (R) of the first PEM set
(PEM-1) shows a slight difference at high frequency due to
the inaccurate calculation of G values. The inaccurate
calculation of G can easily be rectified if we use more
accurate empirical formulas for the microstrip. In spite of
the slightly inaccurate G’s, all of the PEM-1 data agree
well with the FEM data except for the effective indices due
to the different dielectric thicknesses considered.

B. Calculated Results for a Superconducting Microstrip Line

A thin microstrip line having the geometry of Fig. 3 is
chosen for an application of the PEM to superconducting
line. In [12], the Monte Carlo method (M.C.) is used to
analyze the microstrip line with aluminum or a high-T,
superconductor (Ba—Y-Cu—0). The high-7, superconduc-
tor is described using the two-fluid model in both this
PEM and the M.C., although the validity of this model in
high-7,, material is uncertain. It is used here only to make
a comparison of the PEM data with the M.C. data. Using
the PEM, the attenuations and the phase velocities are
calculated and compared with the data from the M.C.
method in Fig. 4. They are in very good agreement over a
wide range of frequencies and show the validity of the
PEM for a superconducting line. The superconducting line
shows very small attenuation and virtually nondispersive
transmission, while the aluminum line is very lossy at high
frequencies and dispersive in the low-frequency region.
Although the superconducting line has an attenuation that
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Fig. 3. Microstrip line using a high-7, superconductor (7,=925 K,
penetration depth at 0 K=0.14. pm, and normal conductivity at
T.=0.5 S/pm) or aluminum (conductivity at 77 K =150 S/um).
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Fig.

is proportional to the square of the frequency, it is almost
ideal for transmission except at very high frequencies close
to the band gap frequency.

Since the penetration depth of the superconductor at 77
K (0.2 pm) is not so deep compared to the microstrip
thickness (0.5 um), the penetration effect cannot be seen
clearly in this geometry. The penetration effect rather can
be seen clearly in the aluminum line as well as in the
previous copper line, because their skin depths are fre-
quency-dependent and hence are very great at low fre-
quency. Therefore, the PEM will be more effective for very
thin and narrow superconducting lines. For those small
lines, the line thicknesses are not thick enough to apply the
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incremental inductance method and a simple modification
of the surface impedance [2], [13], [14] will be inaccurate
due to the lateral surface current spreading at very deep
field penetrations.

IV. CoNCLUSION

A phenomenological loss equivalence method is pro-
posed for characterizing the conductor loss of a planar
quasi-TEM transmission line made of a normal conductor
or superconductor over a wide range of field penetrations.
In this method, the distributed internal impedance of the
line is readily calculated from a single strip equivalent to
the original transmission line. In order to verify the method,
we applied it to thin microstrip lines made of thin. copper

and high-T, superconductor. The calculated results show

very good agreement with those calculated using the finite
element method and the Monte Carlo method over wide
ranges of field penetration and geometrical dimension.
Due to the simplicity of the calculation, this method
should be very useful in the computer-aided design of
monolithic microwave circuits.
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